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Intergenerational Transfers
in models with endogenous labor supply

by
Gustavo Bardas

In this paper we employ a general equilibrium overlapping generations model with
endogenous labor supply to explore how transfers between different generations affect
the level of welfare of different generations. We consider the case in which both young

and old age household are suppliers of labor.

We analyze three ways to finance the transfers: a lump-sum tax, a consumption tax or a
labor income tax. We show that the golden rule applies in any case: the utility of all
generations improves with transfers from the young to the old when the population

growth rate surpasses the interest rate.

We also show that policies of pure transfers from the old to the young generation are
not Pareto optimal for any of the analyzed type of taxes because the old generation
living at the moment of the implementation of the transfer policy, always looses with

the policy, at least when no other additional compensation is made to her.
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Introduction

One central topic in the economic research has the merits of the competitive
equilibrium and the ways that governmental intervention is able to improve it. In recent
years, the research has particularly focused on how the government commanding
transfers between different generations that would not occur spontaneously in a free
economy, can improve the welfare of all generations. The most commonly studied type
of transfers is the one that is performed between two coexistent generations, from a
young generation usually a worker to an old generation, a retiree. This is basically a
pension system which has been called the pay-as-you-go system or also unfunded

pension system.

In the pay-as-you-go pension system the government collects a tax from workers, and
transfers it to the a retiree. For an individual, as long as, the received pension during the
retirement compensates the loss due to the tax paid during the youth, the reform would
be beneficial. The opportunity cost of the tax paid is given by the market interest
amount. For that individual, if pensions surpass the tax in more than the interest
amount, then the reform is beneficial. As long as the young generation’s income
expands at a higher rate than the interest rate, the government can collect the required

tax and assure a higher rate of return than the prevailing in the market.

The implementation of a pay-as-you-go pension system makes the retiree living at the
moment of the policy better off because they receive the pensions while they do not
pay the tax. For the following generations, if the interest rate is lower than the rate of
growth of income, the reform will be beneficial. As long as there is no terminating
period all generations are benefited with the implementation of the pension system.
Then it is said that the pay-as-you-go pension system can produce Pareto improving
resource allocation. The so-called "golden rule" says then, that the competitive

equilibrium economy can be improved with a policy of transfers from the young to the
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old generation when the population growth rate surpasses the market interest rate.

Formal proofs under different frameworks appear in Azariadis (1995).

The discussion respect to the problems that arise with the implementation of this type
of intergenerational transfers has been centered in the negative effect on private saving
and capital formation, Another aspect is that declining birth rates tend to lower the
rentability of the pay-as-you-go method. Problems of this kind have induced an
analysis of the possibility of a transition from the pay-as-you-go system to a fully-

funded system.

While Breyer (1989) showed in a model with lJump-sum contributions and payments
that the pay-as-you-go system of transfers is intergenerationaily efficient, so that a
change of the system would make at least one generation worse off, Homburg (1990)
questioned this result, because in the real world contributions are not lump-sum. He
employed a model with variable labor supply, income-dependent lump-sum pension
payments to show that in this framework a Pareto-improving transition path from an
unfunded to a funded system exists. The argument rests on the observation that
contributions to the unfunded system are usually levied in the form of a tax on labor
income and thus distort the labor-leisure decision making of the individuals, causing a
deadweight loss. A change in the system would allow to remove this deadweight loss
and the emerging surplus could be used to design a Pareto-improving transition. The
authors proposal is to substitute the income tax by a lump-sum tax, which could then
gradually be reduced to zero because of the gains in efficiency. Brunner (1996) argued
that a Pareto-improving transition to a funded system is not possible because any
instrument applied to the financing of pensions in the transition phase involves
intragenerational redistribution. Then, when individuals differ, a Parteo-improvement
condition requires that lump-sum contributions are in some way differentiated between
individuals. However, this instrument is not available because the government does not

have the precise knowledge necessary to identify individuals by their primary
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characteristic.

In our paper we attempt an extension of the intergenerational transfer issue in two
directions. We try to pose the topic in a more general framework and consider also the
possibility of a Pareto-improving system of transfers to the young generation. A
transfer policy from the old to the young is discarded in the literature because the initial
generation would be paying the tax and would not receive the subsidy. When analyzing
the pension or transfers to the retiree problem this is quite obvious, but is doubtful
when it is assumed that all generations work. It is not clear how the implementation of
a system of transfers affects the wage rate determined in the labor market. For the old
working generation, if in spite of paying the tax, labor income expands, the negative
effect of the tax could be compensated. Then, one more objective of our paper is to
clarify how the "golden rule" operates in models of endogenous labor supply in all

periods.

In our analysis we employ, a general equilibrium overlapping generation model of two
period life, without altruism and endogenous labor supply. Both the young and the old

generation work in the production of a perishable consumption good.

We show that for policies of transfers from the young to the old generation, the famous
"golden rule" also applies when both the young and the old work and this for any of the
sources for financing the transfers, that is either with a lump sum tax, a consumption

tax or a proportional labor income tax.

Our results could have been more interesting if they were in the opposite direction as
obtained. We confirm that the golden rule cannot be applied in the contrary direction,
that is, when the interest rate is higher than the population growth rate transfers to the
young generation cannot produce a Pareto efficient policy. The basic reason is that, for

the old generation living in the moment of the implementation of the transfers policy,
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even if the wage rate of the old generation increases in several of the cases we

analyzed, it never compensates the reduction in income due to the tax.

The paper is organized as follows. First we present the model for the behavior of the
enterprise and the behavior of the household. Then, we collect the basic results. We

included most of the basic mathematical developments in the Appendices.

1.The Model

The demographic structure of the economy of our model is rather simple. There are a
large amount of identical households that live two periods: the youth and the old age.
The number of households grows at a constant rate n>-1. Each period two generations
are alive, the "young generation" born in that period and the "old generation" bom in

the previous one.

We name "first generation" the generation born in period =1, "second generation" the
one born in period t=2, and so on. Besides, there is a "initial generation" born old and
that coexists with the first generation. At that moment the initial generation is in her old
age and the first generation in her youth. If we denote with Ho the number of
households of the "initial generation", the total number of households, No, that are alive
at that moment are the addition of Ho and Ho(14#n) , that is the number of households

of the first generation:

The total number of households of the second period =2 is:

In general, for any period the number of existent households is

Households supply labor both during the youth and the old age. Demand for labor
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comes from a large number of identical enterprises that produce a non-storable
consumption good. In the production process, enterprises employ constant return to
scale technology that combines the two types of labor. Finally, our model is a general
equilibrium model in which markets operating under perfect competition are at

equilibrium simultaneously.

One more important precision is that we consider a model of non-terminating period,

that is the economy evolves continuously to the infinity.

In the following two sections we characterize the economic behavior of the enterprise

and of the household.

1.1. The production of goods

The enterprise produces a non-storable consumption good, employing a technology that
combines young workers and old workers. We specify a Cobb Douglas constant return

to scale production function of the following type

A=) (£2.)” (1)
with &1, d2>0 and Ji+ =1

A is the volume of production during period ¢
L is the employment of young workers that belong to generation ¢

Lix is the employment of old workers that belong to the generation #-1.

We define the ratio of old to young units of work as ¢; and the volume of production

in per units of young workers as a.. Then, we have
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- Ll _ A _ &2
L= Lf and al:L—iv or a:,—(fl) (2)

The volume of labor being supplied in period ¢ by the young workers will be denoted
by N7 and by Nf.l for the old workers. As households are identical, N%, is computed
simply multiplying the total number of households N: by the amount of units of labor
supplied by each household £7 .

NI=UN, (3)
Similarly

Nio=4 N )

Besides, total supply will equal total demand for each type of worker and, for example
the ratio of old workers to young workers being employed in the economy can be

computed as N,a-l/M, or

Nisi B LN B £ (5)
N? £ N (1+n)(:y

Furthermore, as all enterprises are identical, the ratio of employment of old workers to
young workers for each enterprise is equal and also equal to the ratio for the whole

economy:
L B Nio _ 2 (6)
L N (+n)e

4=

According to the first order condition for profit maximization enterprises pay to

workers a wage rate that equalizes the value of its marginal productivity, that is,

o4 g V7
ul = a_g;l' . 51(”)5 I(L"')J (7)
= % =&(e2) (L)

or, in per capita terms
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52
y— -1
ur 51([1},(1_'_"))

y 5
= L) ®
fl—l
A useful result in the mathematical developments is that
y
£_s,
U1 02 (9)

It can be immediately checked that the value of production equals the total cost of
production:

Ai=ul LY +ul L2 (10)
or in per units of worker

ar=ul tuia ¥, (11)

12. The market of goods

Total supply of consumption goods A: is demanded by the young A; and the old

generation A,
A= AT+ AL (12)

We can also express the equilibrium condition in the market of goods in per capita

terms as follows

A NI _ A A0y Nio (13)
N!'N. N, N N,
at ,’=a:"+ﬂ

l+n (14)
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1.3. The behavior of the household

Each household of generation maximizes the present value of the utility that enjoys
from consumption of goods and leisure during the youth (a) and fe! respectively)
and old age (a; and fe{ ). We assume that the household is non-altruistic, that is, that

does not care at all neither about other households nor about other generations.

Each period, the household is endowed with a constant volume of time (normalized to
the unity) which she can enjoy as free time or leisure or spend it working. Labor
supply during the youth and the old age are £ and ¢; respectively. Then, the following

two relations hold

o +Lel =1

£+ el =1 (15)

Total income of the household comes from income from labor during the youth w7 £/
and/or the old age 3¢ ¢?. Outlays are the consumption of goods and the payment of
taxes.

We consider three types of taxes: the lump sum tax ( 7 is the tax paid by the young
and - ¢ the one paid by the old), the consumption tax, ( z is the consumption tax
rate) and the labor income tax { 7,is the labor income tax rate of young workers and
7o the labor income tax of the old workers).

Transfers to the old generation is denoted by £ and transfers to the young by - 7 .

Then, the budget constraint of the household can be written as

(1-1,)tl+& f(1+7
ld’(l_ Ty)e;’_”+1"LT_)e’_.=a7"(l+[)+£’(—l (16)
Rl+l Rl+l
R, the interest factor, is defined as the unity plus the interest rate.

We specify the present value of the utility enjoyed during the youth and old age as

separable functions
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Ul(at te! ab te) = U (at 2e!) + Utal tei) (17

using CES functions of the following type:

afat) 4B, (ee))”
B 1-o

Y
[

(18)

o= aa(a?)}-u + ﬂu(é’e?)l-a
l-o

o >0 is a parameter( o # 1) which can be interpreted as the reciprocal of the
elasticity of substitution between consumption of goods and leisure. This is because,

the marginal rate of substitution is

( ou?
ditel) ogr  a,feelY
MRS:— ;)z_a’yz—y i): (19)
d(a,) aU, ﬂy ai
Otel

y
ai
v/ v
tei /a, = l becomes ES = l

dMRS ~ & o
MRS

and the elasticity of substitution, defined as ES =

When o =1, the utility function degenerates into a Cobb-Douglas type function. We

will present separately the results for this case.

On the other hand, @y, @ 0 >0 and B ,, B o are also parameters of the utility function.

We first present the effects of intergenerational transfers for the simple case in the

household works all her endowment of time both during the youth and during the old
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age. This will mean that £e} = fef =0 and B, = f,= 0. Second, the case in which the
household works all her time during the youth but consumes a positive amount of
leisure during the old age. This will mean that £e =0, ¢¢{ > 0and , =0-and B,>0.

Finally, we include some results for the case in which $,>0 and B0>0.

The household chooses the Ievel of consumption of goods and leisure for her whole life

span al»ai, fe! and ¢ef , trying to maximize her utility, under the restriction of her
budget and the restriction of the endowment of time. If we introduced the restriction

given by the endowment of time in the budget constraint, we can formally present the

optimization problem of the households as follows:

T a,(a;")l_a + ﬂy(éef’)l-a T, (af)l_o + ,B,,(Zef')l—a (20)

1-o
wi(1-70)+ al(l+7)+ui(1—z.)te!

&
R =a¥(l+ T)+u-,y(l—ry)e8f+ Rin

W,= Max
(atat.tet ee)

st w(l-z,)-7+

In order to find the solution of the above optimization problem, we can first solve the
budget constraint for, for example, a,, and substitute the obtainable expression into the
utility function. Then, find the first order condition for maximization, computing the

derivatives of the utility with respect to the other three variables

o _g Ui g and U, _g

—=0, . 21
O¢e! day 0te! (21)

Saving during the youth, s, is defined as the difference between after tax income and
the value of consumption:
s=w(l-7,)-7n—al(1+7)-uw(1-7,)te! (2)
This amount of saving is supplied in the capital market, the household would receive
an interest and the produce will be additional income in the old age. The household is
non-altruistic, then, during the old age, before dying she consumes all her disposable

income:
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sR+u(l-z,) 0 +e=al(1+7) (23)

Using equation (21) and the budget constraint we can solve for the four choice

variables of the household.

1.4. The saving behavior of the economy

In our model the household lives only two periods, then, the only economic agents that
participate in the capital market are the young households. The old generation dies once
the current period finishes and as the household is non-altruistic she does not leave any
bequest to the following generation then she consumes all her endowment.

Then, saving of the economy is formed from the aggregation of the saving of the young
households exclusively. Equilibrium in the capital market imply that the aggregated net

saving is zero and with identical households saving of each household is zero
w(1-7,)e —n—al(l+7)=0 (24)

The budget of the household in the old age will become as follows:
w(l-z)+e=at(1+7) (25)

Then, each household consumes her own endowment and autarky prevails.

1.5. The complete model

A complete and compact version of the model is presented below. The first three

equations correspond to the production function and the first order conditions for profit
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maximization of enterprises. The fourth, fifth and sixth equations are the first order
conditions for optimization of the household. Then, the following three equations are
the budget constraint and time endowment constraint of the households. Equation ten
and eleven are the equilibrium condition in the market of goods and in the market of
capital. The budget constraint of the government is the following equation. The last

equation is simple the definition of the variable proportion of both types of labor.

a = a,(ff,ff—l) (m'l)
ul = ut (e, £0-) (m-2)
Ui = u;)-l(fiv,f?-l) (m-3)
10/ SN (m-4)
Ote!
Ui _ ' (m-5)
Oa;
U _g (m-6)
0tef
o s ;l 1
1=y -g s BUTEEEE_ gy ai0T) (m-7)
Rl’-ﬂ Rl+|
o+ Lel = (m-8)
g+tel=1 (m-9)
L = (m-10)
2+n 1+n
(-7, —m—al(1+7)=0 (m-11)
B (m-12)
“=Tn)e
L ar £

y gy o b 4 vy Lty = —— (m13)

ui b Ty+ul—ll+nTo T(al 1+n) s l+n
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There are thirteen equations and thirteen endogenous variables:

0 0. o ]
a: :Zl ,-el—l ag;v’u;l—l :uivreel—l)ee;lreeiv’al-l,al :af:RH-l

Notice that we do not have a separate equation indicating the household consumes all

her disposable income in the old age, that is

(1= )6 +5=ar(1+7) (26)

because it can be easily obtained from the other equations of the model.

2. Intergenerational transfers and efficiency

In this section we collect the basic results, the mathematical proof are included in the

appendices.

The basic question is to evaluate whether a certain type of transfer from the young to
the old, and vice-versa allows for a Pareto-improving resource allocation, that is allows

the utility of all generations to improve.
First we present the case of exogenous labor supply during both the youth and the old

age. Then, we analyze the case of endogenous labor supply only in the old age; finally,

the case of endogenous labor supply in both periods.

2.1. Exogenous labor supply

In the case the supply of labor of the household is exogenous, the wage rates become
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fixed and, then, the model works similarly to a non-production economy (Azariadis,
1995). As the wage rates will not change with the transfer policy, transfers from the
old to the young will always reduce the level of utility of the household of the initial

generation if compare to the non-interventionist case.

As shown in Appendix 1 for any of the three types of taxes, transfers from the young
to the old generation improve the level of utility of all generations if under non
intervention the population growth rate is higher than the market interest rate.
Furthermore, the maximum level of utility of the household of all generations is
achieved setting a tax rate that makes the interest rate equalize the population growth

rate.

2.2. Endogenous labor supply in the old age

When we consider the labor supply endogenous in at least one of the two periods, the
analysis of a policy of transfers from the old to the young becomes relevant and could
not be discarded immediately as we could do in the case of exogenous labor supply.
Let’s see the intuition that says that there could be some possibility for the policy to be
Pareto efficient. Specifically, we would like to know whether the initial generation is
always hurt. For this, let us use the case of lump sum transfers.

Max Ui= Ut(ab, ef)

st ugtEe=aotusles

If due to the transfers the budget set expands at least in some relevant portion, then

utility could improve in certain circumstances. As ¢ =z (1+n), the budget line can

—100—
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. (l+n 1 . )
also be written as 1+¥— ao— = tep - Notice that if, for example, we
uo Uo

compare with a situation with zero taxes, the implementation of a policy of transfers to
the young (& <0) will imply that the intercept for the variable leisure will reduce. On
the other hand, the intercept for the consumption of goods though would become lower
due to the direct expansion of the tax. Whether the budget line moves to the right in
some area or on the contrary, shifts inwards, will depend on what happens with the
wage rate. If due to the policy the wage rate expands enough, the budget line could
rotate and the set of available choices that the household faces could expand in a certain

darea.

Leg

us+e

As we show in Appendix 1, it is not obvious neither how the wage rate reacts nor how
big this reaction is and then, whether the negative effect of the tax can be compensated
or not. This justifies a general equilibrium approach that allows to observe the effect of

the transfers policy on wage rates.

We collect here the main propositions developed in the Appendices and summarize

them in the following two

—101—
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Proposition I: The utility of the initial generation increases with transfers from the
young to the old generation for any of the three tax instruments: a lump-sum tax a
consumption tax and a proportional labor income tax.

Corollary: A policy of transfers to the young is not Pareto efficient.

Proposition II: The utility of the generations after the initial increases with transfers
from the young to the old if and only if the interest rate is lower than the population

growth rate. And this is valid for any of the three types of taxes.

2.3. Endogenous labor supply in the youth and in the old age

We summarize the main proposition next

Proposition IIT: Transfers to the young generation does not produce a Pareto optimal
policy because the utility or the initial generation falls at least in the case of a

consumption tax or a labor income tax.

In the case of the lump sum tax we could not obtain a definite answer. We left this case

for further future analysis.

3. Conclusions and directions for fature work

In this paper we attempted a wider approach to the analysis of the problem of the
intertemporal efficiency of the market economy. We show that in the framework of an
overlapping generations model with endogenous labor supply utility of all generations

improves with a policy of transfers from the young to the old even when both young

—102—
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and old age household work. On the contrary a policy of transfers from the old to the
young cannot produce a Pareto-improving because the old generation always looses
with the reform. These results are all valid for any of the three ways of financing the

transfers: a lump-sum tax, a consumption tax or a labor income tax.

Two basic suggestions for future work. First of all, it would be of interest to evaluate
how the inclusion of capital as a factor of production could affect the results. The
second interesting line of work is how parallel compensating measures could avoid the
initial generation from loosing in the case of transfers to the young generation and then

allow for a Pareto-improving transfer policy.
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Mathematical Appendicesl
APPENDIX 1

Intergenerational transfers in a model with exogenous labor supply

In this case, we assume labor supply is exogenous both in the in the youth and in the
old age. As leisure time is also exogenously given, 8,= Bo=0. We normalize the labor
supply to the unity in both periods. The optimization problem of the household
presented in the main text will simplify as follows

I-a

a,(al )l_” + ao(af)

= M =
. (at"ff))c . l1-o
01_ o0
5.t uty(l_fy)“”+@=a,y(l+r)+—a’§;+r)
i+ r+1

When labor supply is exogenous for both types of workers, the wage rates become
fixed and the model resembles the model of an exchange economy in which the
household is assumed to be endowed with a certain amount of consumption goods in

both periods of her life (Azariadis, 1995).

In order to find a solution to the maximization problem we can solve the budget
constraint for ¢, and substitute it in the first summation term of the utility function.
Then, the problem transforms into a free maximization problem in which the variable

of choice is a;. The first order condition for maximization give us

1
Qo i
af =a;v — R
ay

Using the above equation in the budget constraint we can find the demand for goods

during the youth and during the old age.

—105—
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Saving during the youth, s, is defined as the difference between after tax income and

the value of consumption:
ss=ul(1-7,)~m—a?(1+7)

This amount of saving is supplied in the capital market. As only the young households
participate in the capital market and as all households are identical, equilibrium in the

capital market can be represented by
u;v(l—ry)—ir—a;v(1+1')=0

It is immediate from the above that there will actually be no transactions in the capital
market. Each household will consume her own endowment and autarky will prevail.
The implicit market interest factor can be computed from the equilibrium equation of
the capital market:

a

ay 52(1+n)6l(]—r,,)+€

Qo 1 )2
(-e)s( 1) -

R:

As the interest factor becomes a function of parameters and taxes only, we obviate the

time subscript.
The indirect utility function of the household

Before computing the effects of the different transfer policies let’s compute the indirect

utility function of the household.

I-o

a,{(l—ry)é'l(ﬁ)h—ﬁ]i_d+aa(52(1+n)6'(1—ru)+s)

= 1 o-t
/4 — (1+7)

—106—
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The above expression is valid for any generation from the first. The indirect utility

function of the initial generation is

l-o
o[ 80140 (1=, )+&
W= (24 1)_(0 r)+) (145

It can be directly observed from the above, that, for whatever policy instrument, the
utility of the initial generation fall with an increase in any of the taxes. Therefore,
Pareto efficient transfer policy should be based on transfers to the old generation. If not

the initial generation looses.

1. Transfers to the old financed by a lump sum tax

When transfers to the old generation are being financed with a lump sum tax paid by
the young generation, then 7,= ro= r =0 and the budget constraint of the

government is ¢ =(1+n) z with = >0.

The effects of the policy on the utility of the household can be evaluated computing the
derivative of the indirect utility function W: (s Jwith respect to the tax parameter.

After some manipulations we get that the necessary and sufficient condition for the
utility of the first and following generations to improve when transfers from the young
to the old are financed with a lump sum tax. that is, when the population growth rate

surpasses the interest rate:

Wiy R<14n
dr

—107—
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2. Transfers to the old financed by a consumption tax

When transfers to the old generation are being financed with a consumption tax. Then,
. 0
ry= ro= 7z =0 and the budget constraint of the government (@(14n)+a-1)= ¢ .
_wteE ul w _ &

1
As al= , @l =—— and — =——— we get 2'(1+n)5'=£
I+7 I+7 u S l+n

Computing dW.( = )/d r we get that the necessary and sufficient condition for utility

improvement of the first and following generations is the following

aw
—20&1+n>R
dr

Then, the utility of all generations after the initial increases with transfers to the old
generation financed with a consumption tax, when the population growth rate surpasses

the interest rate.

3. Transfers using the labor income tax

When both the young and old workers spend one hundred percent of their endowment
working, the wage rates become fixed and taxes on labor income are equivalent to

lump sum taxes and we will have similar results as before. The optimal tax rates are

fixed to make the interest rate equalize the population growth rate.

—108—
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Appendix 2

Intergenerational transfers in a model with endogenous labor supply in the old

age

In this case, we assume that the household supplies a constant volume of work during
the youth but in the old age decides how much time to work maximizing her utility
function. We normalize the exogenous supply of labor during the youth to the unity

and make B,=0. The optimization problem can be written as follows

i P -
Max U,= ay(at) "+ au(a?) "'ﬂu(fe;)
(atuatte?) =&
= ul (1= Ty)‘”+u,(_1;ei€=a,’(l+ 7)+ ai{l+7) +;?(l —7,) el
t+] el

One way to solve the above optimization problem is to solve the budget constraint for

a,, substitute it into the objective function and then compute the first order conditions

qu_=0 and ou. =

for utility maximization, " ”
5a, a fe,

These two equations will give the following relation:

L0+ (uf,

(24 ula (1 - To) a?

Besides, when old, the household consumes all her endowment, then:

uf(1-z,)(1- tef) + £=a?(1+7)

Using these last two equations and the definition of the wage rate paid to old workers
S
w =5 (1"'_’7) ;we get equation S([e}’) =0, that implicitly gives the solution for fe; :

!

Then, the demand for leisure in the old age is given by

—109—



REFwE HEBBERLT

s(eet) 2 ) _[ tet )H]

ao (1-7.)ul uf(l—ru)(' —fef

and the supply of labor is £/ =1 ¢e; .

Once the solution for the leisure of the old is found from the previous equation, we

could find the solution for af using

(1 ) 1o
o_ po| B o\ "To
ai Ze,(ﬁou/ (1+r)]

Then, the solution for can be found using the equilibrium condition in the capital

0 &
market: #,(1- z ,)- 7 =a,(1+ r ). Notice that here, u}= 5,(1[:1) and, £ =1-¢¢%,,
n

are already determined.

Next, we find an expression for the indirect utility function that will be useful

afterwards when trying to determine the effects of transfers.

1
1--) e =7 )=
Qo a( 70)} [e;) and a’y U (1 T,V) i

B, (1+7) T 1)

Using the first order conditions: ar =[
the indirect utility function of the household can be written as
I-o

u,"(]—r,]-—ﬂ' i o 0(1—1:,)) 2 Ve R
o 0 BV )

-0

W=

In the above we take fef, u! and uf as the solution of the model, and thus being

function of parameters and taxes.

—110—




Intergenerational Transfers in models with endogenous labor supply

In the case of exogenous labor supply in both periods, observing the indirect utility
function of the household is enough to conclude that the only possible Pareto optimal
transfer policy is from the young to the old. In the case labor supply is endogenous in at
least one period, the effects of intergenerational transfers are less obvious because the
wage rates will change with the policy. In the following sections we analyze the effects
of transfers between generations in both directions, that is form the young to the old

and from the old to the young.

1. Transfers financed by a lump sum tax

When transfers to the old generation are being financed by a lump sum tax, 7,= ro=

z =0 and then, the budget of the government becomes

a(l+n)=g
When 7 >0, the policy implies a transfer from the young to the old. When 7 <0, the

policy implies a transfer from the old to the young.

We would like to compute the effects of those transfers on the level of consumption of
goods and the leisure time, and more precisely on the final level of utility. It could be
illustrative to consider what would happen in a partial equilibrium analysis, considering
only the effects of the effects of the transfer policies on the behavior of an individual
household. We could analyze this considering the demand functions for leisure and

a 0 y
goods and computing %, Oai and af

. For example, is immediate that.
on on on

o o ¥
%>0 and aa'>0,amd %<0.
on or on
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Nevertheless, these are only the direct effects of the transfer policy because all prices
of the economy, in particular, the wage rates, will also change. For example, as due to
the direct effect, old workers supply of all households reduces and so will reduce the
total supply in the labor market, then, the wage rate of old workers would increase in
the market. How will react the household before any change in the wage rates provoked

by the new policy?
1

(a" "];[1 ) 1( “+a)] &
—u ———(u =
dte; _\ B, I cut

Ou; 7
Qo o 7 o
—ur | tu
(ﬂa )
When o<1, ?fe"l <0, and for o>1 %’_ could be positive or negative,
U u.“,

but will be positive, at least, for very small values of the tax parameter. This also says
that, when the wage rate increases, the labor supply increases when o <1 and fall
when o >1.

Then, while the direct effect of the change in the tax on the demand of leisure is

0fe)

T

positive, > () , the indirect effect through any resultant change in the wage rate
could be positive or negative. Whether the wager rate increases or decreases depends

on how labor demand and labor supply interacts in the market.

For example in the market for old workers, the demand is a decreasing function of the

wage rate while supply will an increasing or decreasing function depending on the

oL

value of ¢ . When o<l >0 , then transfer policy implies an

0

U
increase in the wage rate. When, ¢ >1, the transfer policy will imply an increase or a

reduction in the wage rate depending on which is higher, the slope of the demand or the

supply function.
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Is there any way of evaluating the effects of the policy without computing the
equilibrium values of the variables? For example, is it possible to find out the final
effects on employment, leisure and consumption simply observing the slopes of the

supply and demand functions?

In particular, when analyzing the possibility of Pareto efficient policies of transfers
from the old to the young, we would like to evaluate if, for the initial generation, the
reduction in income due to the transfers could be surpassed by an increase in the wage
rate. In order to give an answer to this question we must compute the general

equilibrium and then observe the effects of the transfer policy.

Before this, we show that unless we compute the general equilibrium itself we cannot

give a final answer.

Notice that, for example, in the labor market for old workers, the highest change in the
wage rate due to the introduction of a transfer system, will be for an inelastic labor
demand. We may take the case of inelastic labor demand as the upper bound for the
change in the wage rate. Then, for this case, if the old generation makes transfers to the
young the supply function of labor will shift upwards. This can be seen by simple
inspection of the labor supply:

0
uté
g=1-—H"2

a a
[—ouf’] +u;
B,
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&

Remember that in the case of transfers to the young ¢ <0.

w ©(demand)  /

T & £/ (supply)

n

We show that even for the bound, for which the change in the wage rate is the highest

we cannot give a final answer unless we compute the general equilibrium itself. Only
in the case the elasticity of substitution of leisure and consumption of goods is higher
than the unity we may know that the negative effect of the tax will be higher.

(1- z,“)[%uf]a +u(1-8)-ut—=0

Take the level of labor demand as constant and then define

f(ui’) = [%uf] Lo +ulbel —ui—€=0

o

The level of the wage rate is defined implicitly by f (u)=0

We can apply the theorem of the implicit function to f (u7)=0 to compute f'dﬂ and
b4
find out that dui 2le 21-¢ef
T 1-o

When o >1 as the left side of the above inequality is negative, then the change in the
tax will never be surpassed by the change in the wage rate. In the case & <1, the result
is indeterminate as long as we know the equilibrium value for the employment of the

old.

—114—




Intergenerational Transfers in models with endogenous labor supply

Effects in the general equilibrium model

In our general equilibrium approach we consider the direct and all the indirect effects
of the transfer policy. In order to do this we must find the solution of the general
equilibrium model.

We return to S{ fe! )=0, which, under the defined policy instrument becomes

I(eef) = tet
Where
I(eer) = an(82(1-ter) " (14m) + 2(1+ 7)) (12 ")% where 4,=|20—t }’
€)= A1\02 € (] 1 . 52(1+n)§'
J’(lei’) JIPRS 0

3(0)= 4 5:(1+0) + 2(1+n)) and J(1)=0,

a¥(¢e?)

3 >0 implies an upwards shift of curve J (fe;’) ;
V3

We make a graph of this curve and of the 45 degrees line to find the solution as defined
by J (Zef) = fe;:

3(eef)

I T~ ey

—115—




REFwE HEELT

An increase in the level of the lump sum transfers increases the level of leisure during

the old age: %ji'h> 0 ,andas u= 52(1;_0"

S
) , the wage rate of the old workers
/3

1

also increases: .

o

da'>0.
fia

o ] [ d ] .
Then, take Bl = (_Z_e,_) , and both d e, >0 and =% >0 imply that
Q. u, \arl dr dr

The utility of the initial generation always improves with lump sum transfers from the

young to the old generation

au(aﬂ)lqa +,§u(£’eﬂ)]“a - dw, 50
l-o dr

Wo=

Proposition 1: The utility of the initial generation increases with transfers to the old
financed with a lump sum tax. Then, a policy of transfers to the young is not Pareto

efficient.

Next, we find out the conditions under which a lump sum tax financed transfers to the

old policy increases the level of utility of generations after the initial one.

d(¢ef)

dn

Before this we obtain an analytical expression for

The analytical expression for d([e;’) /d7r
We use the theorem of the implicit function on J (éef ) — ¢’ and compute

d(ee?)
dm

1 (I+n}|_5‘.‘.’e:‘(]—é’ei’)&

o O fef[[l—51)+51]+[l—~fef)

a
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where all expressions are evaluated at a zero tax rate.

awl .,
28

Necessary and sufficient conditions for

r=0

Then, we are ready to obtain the necessary and sufficient conditions for utility

aw.
dr

improvement under the transfer policy. For this we compute

n=0

After some tedious mathematical manipulation we find out that

LLZ BN 1——R”=°2gefé(—R”=°—1
ar |, I+n o\l+n
If |-Reoy 0, then W 5o o 15408 holds,
l+n ar |, o
If 1_M<0,then —Izee,”é does not hold, then aw| <0
l+n o dz |,

Therefore, the necessary and sufficient conditions for utility improvement with the

increase in the lump sum tax can be summarized in our second proposition

Proposition 2: A policy of transfers from the young to the old generation, financed
with a lump sum tax, improves utility of all generations after the initial if and only if

the interest rate is lower than the population growth rate

2. Transfers financed with at consumption tax

2.1. Transfers to the young financed by a consumption tax

When transfers to the young generation are being financed with a consumption tax,

ry= r o= £ =0, and then the budget of the government becomes
t(a?(1+n)+a0)=-7, with 7<0
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The solution for Ze{ will be defined from H(¢ef)=0

(1"7)51+l

where H(Zef) is defined as H(Eef) = lo(l—fef) °  —lef

e (BN et sl
here, 10=(1+T) o | —2 (52) o (l+n)l o,

o

H(0)= 4, and H(1)=-1

H'(2¢f) <0 for 0<gef <1, H'(0)=-1 and H'(1)—> —o
The graph for function H( gef ) would look like the following

H(¢e?)

Ao
te;

The level of the leisure at equilibrium is lower than the minimum of H(éef) el < Lemin -
We compute the effects of a change in the consumption tax rate.
oH(¢e!) 1-o 4ef
or o l+7
Therefore, when ¢ < 1 , function H(g¢°) shifts upwards and then d(l’e.") /dr >0, and

when ¢ > 1, function H( fe/ ) shifts downwards and then d((ej’) /dr <0,

—118—




Intergenerational Transfers in models with endogenous labor supply

H(ee?) .

el

Effects of a change in on the wage rate of the old workers

S
u7=5z( 1+n )
1—¢e}

du;’= y 1 deef
dr " 1-te! dv
dlte; o
when o<1, M>0,then i1ﬂ>0
dr dr
d(te? 0
when o>1, (Ze')<0,then ﬂ<0
T dr

The analytical expression of d([e," )/dr
Applying the theorem of the implicit function to H( gp? ), we can find an analytical
expression for d([e.")/dr

I__GL[ &
d(ze,"): o liz
dT e—e:)l:w+1:|+l
1-¢¢! o

The optimization problem of the household of the initial generation

The indirect utility function of the initial generation will be the following
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1+
where fe§ is defined by H(feg) =0,and o = 52(1 ;0)
—Lté;

After some mathematical manipulations which we do not include here, we get

o 1-sef 1 \d el
N e e

c o led

d o
Using the expression we found for _(?:e_,)
T

dw,
dr

=0

i zo«:(é+—'—] (1-o)ect > (1-ee3)
dr |2 o flet),, b (1-0)s l
(1-eef)| o
From the above, it is immediate that when o >1, ddW" <0.
T =0

When, o <1 develop the above formula to see that

dw, -0 , 1-0)s
T r=02 06 = £e0+(1—a)2(l—ze3)+eeg|:%+ []
simplifying even further: LT < (1-o0)21
T =0
Nevertheless, as o >0, then, W, <0
v =0

We get our third proposition:

Proposition 3: The utility of the initial generation falls with the increase in the
consumption tax. A policy of transfers to the young based in a consumption tax does

not produce a Pareto efficient policy.
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The volume of transfers

Let’s find an expression for the lump sum transfers to the young. As transfers are
I

financed with a consumption tax exclusively, r ,= 7 o= ¢ =0 and the budget of the

government becomes

t(a?(1+n)+al.)=-n(1+n) with 7 <0

, u(1- ¢et) w7 o
With gf =——— and g/ =——, and also using — =—¢,
1+7 +7 u;)—l (52

We can also find that d—

T
T=——
+n
z v, 2
=—y|1+—=
dTr=0 ul( Jl)

Effect of transfers on the utility of the first and following generations

I-o

;v_ o 0 o 1 o 2 lI-o A l-o
ay(ﬁ) +aa[;_olh (ITT)-] (é’e;) +ﬂ,,([e,)

1-o

Effects on the level of consumption of goods in the young age

In order to evaluate the effects of transfers on the utility enjoyed during the youth it is
Y
enough to evaluate the sign of . ﬂ‘ This is because the volume of leisure is zero in
dr
the case we are considering.

du!
T

dr

We compute and introduce the three expressions , I
T
r=0

and ]
1243 =0

=0

in the above equation and get:

M = é_d . 1 ___d[e?‘l Jf'l
dr|_, | & 21—[ef_, dr |Mleo
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d(ge? J
Besides, using the expression we found for Efe’) , we immediately get % >0.
T v r=0

Proposition 4: The utility enjoyed during the youth increases when the consumption

tax that finances transfers to the young is raised.
The utility of the first and following generations

The total utility of the household is given by the addition of the utility enjoyed during
the youth and the utility enjoyed during the old age: Wi=U+U,

auy _ Nodal
dr ay(a,) dr

. . dal
Or using the expression for ——
T

we have already computed
7=0

_ N é_a 1 dée7_|j|
ay(al) |:51 21_[67—1 dr

du?;
dr

r=0
We can put together the above expression with the expression we already computed for

dy;
dr

avy| ,dus
de|_, dr

N—Qa_"v-a }'éz.__ l d[e,o + 1—€e7+l +L_d_zﬁ
U_ﬂ,,(ee;‘) a’[a. O g dr e o0 e ar

d| el . R
Using the expression we found for % is easy to see that U >0 % =1
T +n

to get:
=0

= ﬂ,,(fef)_aﬁ

r=0

Proposition 5: Transfers to the young with a consumption tax increases the utility of
the first and following generations when the interest rate surpasses the population

growth rate.
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2.2. Transfers to the old with a consumption tax

When transfers to the old are being financed by the consumption tax, 7,= ro=7z=(
and then, the budget of the government reduces to = A 14n) +a?-1)= £ .

As we computed for the case of transfers to the young, we can obtain a final expression

. T
for the transfer parameter . £= —uf_,(l - ee;’_,) .
2

The solution of the model would be given by S(Zef) =0, where

S(eer)= b (1+Ta] - [u?’( tel )+8J

do Ui 1—tel

i

. 1+n T

Using u7=52( v ) and €=—uf’(1—€e;’) we can find a more compact equation,
* i 2

M(Ze)’) =0, function of fe¢f exclusively, where M(L’ef )

M) = 2 (1-ee) =" - et
1 a-1
here 4= (&)a(ﬁz(Hn)&)T(HT)%E(I +LJ
Qo 02
Then M( ) defines the solution for . Notice that function M( ) is similar to
H( ) (case of transfers to the young) but for the parameter £ 1.

M(0)= 41, M(1)=-1 and M'(¢ef) <0

_— = —+—

or o 5

aM(¢e?) (1—0 1) ,
= Le;
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Applying the theorem of the implicit function to M(éej’) =0 we find

e

d[fef]l _ “Uo & ]

df lh-ﬂ __'ei-[(l_.__a-ﬁq.]]_i_l
1-4ef o

The graph for function M( fe; ) will look like in the graph below

T

M(¢el).

el

As the function shifts upwards with the increase in the tax, the leisure in the old age

will increase. The wage rate of the old age workers also increases.

1
1+n
l—é’ef'( ))

J

>0 holds for any value of the parameters.
=0

d tei >0::>ﬂ
T T

- ’B"(eeg)_a{‘l—_j—g +(ﬁ + L)“’(fei’]

>0 because i = 52(

We also find 272

£=0 o fep) dr

AW,
T

It can be shown that

Then, we have our proposition 6:

Proposition 6: Utility of the initial generation always improves with transfers to the

old financed with a consumption tax.
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Effect of transfers on the utility of the first and following generations

Effects on the level of consumption of goods in the young age

In order to evaluate the effects of transfers on the utility enjoyed during the youth it is
dal
t

enough to evaluate the sign of This is because in the case we are considering,

the volume of leisure is exogenous and does not appear in the utility function.

V. 0 o1
We have that af = Y and ul =68 21 . The derivatives with respect to
1+7 (14n)
the tax parameter are the following
dut y
dai _ dr (1+7)-u dul _ 1 deel
e i e yand ——=-8—u——
dr (I—]—r] dr bii dr
Yy 0 ¥y
Therefore, dai =— 5 ity 40 -
dr |, dr /
dlte! J
as (Ze,) >0, dai <0
dr | dr | _,

Proposition 7: Utility enjoyed during the youth always falls when transfers to the old

are being financed with a consumption tax.

Then, we evaluate the effect of the transfer policy on the total utility.

_ ay(aly)l—a

+ 0
o Ui

W,

% oty 2L, 4UE

T e dar dr
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du;
T

is equivalent to the one obtained for the initial
=0

The expression for ,

generation. Put together all expressions and after reordering and simplifying we find

that

AWy oo R o

dr 1+n

Proposition 8: Transfers to the old financed with a consumption tax increases utility

of all generations after the initial according to the golden rule.

The case of exogenous labor supply in the old age

When the labor supply in the young age is endogenous and in the old age is
endogenous f,>0, and Bo=0 . In this case, we can use the symmetry properties of the
model to find out the effects of intergenerational transfers on the utility of the

household.
The basic propositions for this case

Proposition 9: Transfers to the old generation with a consumption tax improves utility

of all generations when the interest rate is lower than the population growth rate.

Proposition 10: Transfers to the young based on the consumption tax does not

produce a Pareto optimal policy because the utility or the initial generation falls.
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The proof is based on the fact that during the old age utility comes only from the
consumption of goods. We showed in the previous case that an increase in the
consumption tax to finance transfers to the old (young in the present case) does reduce

the utility during the youth (old age in the present case).
3. Transfers financed with a labor income tax

3.1. Transfers to the old financed with a labor income tax

In this case, the budget constraint of the government becomes 17 ¢/ 7,(1+n)=¢.

Besides, equation S([e;’) =0, transforms into

(1-0)8,

oo(1~te?) © " —te?=0

where g,= [&(52(1+n)5')a_]:|;(1 + % ry)

Qo 2

(1—5')5|+l

Then, define G(¢e?)= 6o(1-¢ef) ©

—ferl .

Notice the similarity of function G( fef ) and function M( fe; ) we obtained for the
case of transfers to the old financed with a consumption tax. The only difference is in

the parameter & o.

BG(Ze{’) _96
d:, 0z,

(L 00| &

a_Tyr =6

(1-£ef) 5

=0

As the above derivative is positive, curve G( {fef ) shifts upwards.
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T

G(te?)

e}

showing that leisure in the old age would increase with the increase in the tax.

d te]

Ty

The analytical expression for

Applying the theorem of the implicit function to G( fef )=0 we get

é‘.f M
ded) &
de | e [0-9)5 ],
1-¢ef o
d e du’ 1 =
—ﬁ'— >0=> d—':’ >0 because 3, = 52( l—lef(1+n))

Using the relation &ia = ([ﬁ) we obtained before from the first order

a.ur \ ar
. - e die duf .
conditions for utility maximization, we have that —d— and —d— >0 imply that
] T T
dai >0.  Then, we have the following proposition:

dr

Proposition 11: Utility of the household of the initial generation always improves

when transfers to the old are financed with a labor income tax on young workers.
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Effects on the total utility

Take the indirect utility function of the household

I-a

ay(uf(l—ry))'j*“"(m ’U) () ()

—u
B
w,= 10_ po
Then, compute awi| After some mathematical developments we do not include
T

i’l(ﬁ(nn)) =R and W
a,\ S

Proposition 12: The utility of all generations after the initial increases with transfers to
the old generation financed with a labor income tax on the young, if and only if the

interest rate is lower than the population growth rate.
3.2. Transfers to the young financed with a labor income tax

In this case, the budget constraint of the government simplifies as follows:

P A
W+n)”

Besides, equation S( Zef )=0 transforms into
K(eef)=0

1

"~ te; and 6= (&);(52(1”‘)'5')

Qo

ol a-1

" (e

(1-9)s,

where K(ée?)EBo(l—Ze?) 4

The properties of the solution for can be studied in a similar way it has been done
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for the case of the consumption tax. Notice the similarity of function K( le; )and
function G( ¢! ) we obtained for the case of transfers to the old financed with a labor
income tax on the young. The only difference is in the parameter & o.

K(ee!) 1-o

=—/e/
61,, g

Then, curve K( ge? ) shifts upwards or downwards depending on o <1 or o >1.

K(ee?)

o<l
< el
: . dfe]
The analytical expression for
-0 ,
d(‘ee’u) 0 o Ze’
dr _(1"[61)(]_ ]5
- “fe+1
Si
When o<1l= d te, >0=> —d—u'— >0 because yf = 52( 0(1+n))
dr 1-fe;

Using the relation B 1 = (f_e?) we obtained from the first order
aout(1-70) \af

conditions for utility maximization we have that:

al= ger[%ur(l—m)]o or using K(¢ef)=0
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a? = &(1+n) (1 1,)(1-¢ef)”

2 1 dfe"
—&:(1+n)"(1-¢2) 7| 1 '
8i(1+n) ( Ze,) l: +1—£e}’ dr, 52]

o= ao(a,”)]_cr +5, (Ze:’)l_a

-0

av|
dfn

20@‘1;‘7

7,=0 To

0 dte}

ur dr, 20

ro=0 1o=0

aul| oo dlel
dz,). o~

812 (1-¢e?)

7,=0 %o 7,=0

dte;
To

i
it is easy to show that auil

1.=0 To. 7,=0

If we use the expression for

Proposition 13: When transfers to the young are being financed with an income tax on

the old workers labor income, utility of the initial generation falls.
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APPENDIX 3

Intergenerational transfers in a model with endogenous labor supply in both

periods

When the labor supply is endogenous in both periods of the household’s life, By>0 and
B0>0, then, the optimization problem of the household takes the form of the problem

that appears in the main text.

The first order conditions for utility maximization give the following two equations

ay y(l—ry)z(ar)" g B (147) 2(&)

B e! aou (1-7,) \af

B, (1 + T)

The old generation consumes all her endowment, that is,
(- z,)u (1 tef) + = al(1+7)

Then, only the young generation saves and according to the equilibrium condition in

the capital market the household also consumes all her endowment during her youth:
(1-z,)ut(1-te!) - m=al(1+7)

Then, using these two expressions in the equations obtained from the first order
conditions for maximization we arrive to a system of two equations that determines the

solution for fel: fLeir-;

Lef

o- 1" i 1—[ ,y—ﬂ' il
S,(Zef,ee;’_l)E%u‘y(l_ry)(l_ﬂ_) 1_[( Ty)ur( e) J and

¥y

1 l-o e?-l ’
Sz(t’e,",éef-n)f‘ﬂl—l_ (1+7) _[(l—r ) g )"'5}

Qo Uiy (1 - To) I!:-l(l—é’ef—l

&2 St
0 Y
and the wage rates are defined from uf = §, _fa and yf = 52(&—:'(1+n)) .
Zﬂ'(1+n) 4




Intergenerational Transfers in models with endogenous labor supply

1. Intergenerational transfers with a consumption tax
Transfers to the young with a consumption tax

When transfers to the young are financed with a consumption tax, z ,= 7 o= 7 =0

and then the budget of the government becomes

t(a?(1+n)+at.)=—r(l+n) with 0<7<1 and 7<0.

We can develop this relation and find

1
7= —Eﬁu:’_l(l ~tel)

The solution of the model is given by Si(Ze’ ,el1)=0 and S, (¢etin, 2ef)=0.

From equation S, ([eny ,fef-l) can find a relation between the leisure of the young and

the old workers of the following type:

&y

(m)(ﬂ]ﬁ

el Yo" )
Zery(fef) =l ﬂ-fef-n(Lf”J where A= 2 .
€r-1 52(1+n) '
Features of function Ze!(fe!-,)
o<l= limofe,y—>—oo a<1:>llimlee,’—>1
[ e —>
o>1= lim fge! > 1 o>1= lim fe) > —©
28, —0 e8!

iy o 1—te! 1- o
Ee, (een—l) (l = f-‘.’f—l] ee;’_'(a_ 1)51
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By simple inspection, if, o <1, then, ee,y'(ee;’_,) >0. Besides, if o>1, ¢e'(¢el))<0

because . : > 1, and in the interval 0< ¢e) (Zef_.) <1, = > 1 too.

(a—l)ar'(,__g)é el
. 4

tel"(o<i,le, =1)=0

te!'(0,0>1)=0

2el{ee)

el

(2

y
Next, we compute 3686. , that is, the shift of fe} (Zef’.l) due to the change in the
T

consumption tax rate.

drel _ 1 1ol

ot o l+7

e (eet)

tely [
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Solving the model
Using  Si(¢el,ei)=0 and fef(el), we find and expression Q(fef,)=0
that defines the solution for fei_; -

Q(Ze;’-l) = fe;v([e,o_l) —ﬁze?_l(l——[e?__])(l—a)dl

Lei
a=1 a
Here, q)=%, W=ay & (1+7) » H= ( )(i L) and
Alo-Da (52(]_'_”)) l+n) u 5 ) \1+n l+n
1,
LI Y
(m)(ﬂ]“ 3
A= o
5a(14n)”
Features of Q(£e?1)
if o<l lnn Q(O) —0 f o<l llmoQ(O)
d (2
P lrllrﬂoQ(O) an i a>1:>eel,l,130Q(0) —o0

Actually, bounds are determined by the zeros of function /e (Zef )

1
lim Q=-— fe:‘m(]_ge““’)(l_am

[ZAET R - (I)”‘7 feirn

The derivative

RURNPRY: N

tely| (1-0)81-Ler
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When o>1, el '(lei’_.) <0 ,then, Q'(fej’_,) <0 too, because the expression inside []

brackets is positive. When ¢ <1, it can be shown that, if there is only one solution for

the derivative is positive at that solution.

(@) 21

ag<l

Q(l&;’-l)
Q(fl-'f-l)

[

P
\

1
)(l—a)&

xQ = a_lk_f+l®-|/a-agq_)zef_l[l—€e7-l

or or o or Lei-i
y 1— ge? +1
Therefore, with Ote | — ol g L] R | o Carl) , both negative
ot |, ; 07|, =
AQ o then X&) s0o o<1
ot dr |
o<l (@) 21
Qeet) o
Q(ed;'»l)

> g (28 \ )
( f \11 \ e

Therefore, when o<1, & >0 and when o>1 —dei <0
2 =0 T =0
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Effects of transfers on the utility of the initial generation

The indirect utility function of the initial generation is the following:

1-o

-0

Ui =p, with =0

If we compute the derivative with respect to the consumption tax, and after after several

manipulations, we can get

avi __p, o die
dr (gef)'“’a—l dr

die]
g Gte
T

& <0 when o>1, aU,
T T

=0

A >0 when o<1, and

=0

<0 in any case.

Proposition 14: In a model of endogenous labor supply in the young and old age, the
level of utility of the initial generation falls when transfers to the young generation is

being financed with a consumption tax.

Effects on the level of utility of the first and following generations

Total utility is given by Wi=U,+U,  for t=1,2

auy

dr

has already been computed when evaluating the effects on the initial

generation.
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3 ]
au l+ﬁ(1—g€f:-|)£'
o T¢ 0 €r- TT
a'T’ = "o[fe:—l] (l—fel-l) o l_;_l U
 (29) o-l
no=ay—'6—# o m=p,0-
Qo
1,
(1—ee:’_.]f-
Ur70=(1—a)l-[iu+1]d"e7"+ teth ) gll lo-1 1 1 (i_l)}
= o el dr 1+ﬂ(l—€e7_1)3'_1 & o 1-tel, Zef—nké;
o\ leio
y U
therefore, 4ui 20 —1=L>(.
T | l-o

More specific conditions could be obtained. For example, when
aur

] r=0

>0 U0 <o0.

o>1,

7=

Then notice that when & >1, all summation terms are positive but the third. Then, for

example, take the expression in { } brackets of the third summation term

lo-1 1 1 (1 1) R
= D)2 di= - e~ (1-8) = —
5 o I-te eei‘_.[a‘. ) {( 5 Ji-te)ecia=( ')}5,1—&:’.1 e

1

(1 —é)(l—lef.n)lef.l—(l -5) <(1—;)—(1—5|) = 5.—&

<0.

7=

Then, for example &, <l is a sufficient condition for U
g
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2. Intergenerational transfers with a labor income tax

2.1. Transfers to the old with a labor income tax on the young workers

The budget constraint of the government becomes . 3} £ 7, (1 +n) = ¢.

The variables and are determined in the following system of two equations

{s.(zd Lel-)

Sa( et tei-)

From the above two equations we can find an equation Q( [e;’_,) =0 that determines

the solution for Ze{-,

82 o

el &' o)
1 “\1—ge?
Q(Zef—l)E_ = 5 "(l—fe:’-l)
Co geu ;l
()
1-fefy

I-a)& —Z )
where CO=(&)( » (l+éry)(l » ——] =

s o (1+n)(5)m
ﬁ_( )_l_ l—aﬁ
1-0)6z (1—1 }é: 1 o
ay Ty — C
={= ——(5)& and ¢, =|—
3 [ﬂy] l1+n (plfiEatac, (Co)
. 1
Besides, ¢e! =

&
0 I
02( fﬂ.’—l )54_1
1-Zei-

Observe the similarities with T(fe}’_,) of the case of transfers to the young with a tax on

young workers. The graph for Q( ge:’_,) is similar to the one for T( Zeﬁ'_l).
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Effects of the change in the tax rate on fe-1

We compute the shift of function Q([e,”_,) due to the change in the tax rate z,: 3.
Ty

1o &
ﬂ_( tel- )w—a) a1 ! ;

5
Or, \l-fely

o :
( fe; 1 )5'+1
1- .‘_’e; 1

Y S S
5=0 " (1 0)s, © et
die Q

o<l=q| <02 022 L) and cr>1:>q| 0= 225 0 dLel
E Ty dTu aTy dTu

q

0

o<l

Qfeer) Qets) o>l

. ; X
/.._ teln \ b .
L o el

2 Z

dle] acer
The analytical expression for —, dr
Ty

Applying the theorem of the implicit function to Q(ee;’_,) =0

1

o 1
1= . —f Iy
dee;’ B (I ge l){( )52 pm € }

9By =T d oy
Lei-y 6y (1—0')52

o
ai

Effects on the consumption of goods in the old age:
Ty
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S

Vo 21
1-tetn \°
From the first order condition we had 4} = (%&(Hn)ﬂ] (#) Le;

2]

. : 0
We get a final expression for a

1 1 1
(1-a) (1-0)( 1— g2, Y1-0)
a7=(&) [1+éry) (—] ef:_’) Lel
Ao o2 fe;-

laces

Effects on the utility of the initial generation

Take the indirect utility function of the initial generation

-0 N lI-o
W,=l}f=a“(af)l 1+ﬁ”(le’) with =0
-o

then, compute

au;

N .dlel
dr,

dz,

= (at
7,=0

7,=0

Y o drre
Using u;’=52(2“(1+n)) we can write g

0 Ty

1

a0

i e w2

Hz(ﬂ)(l_a)(l_fef)("“) Le! & '8 5
2 tef ) 108, Ly,
& (1-0)6,

When, c<1=>H>0=> % > 0 can be directly inferred from simple inspection
Ty ryal

of the above expression. When ¢ >1 we have the same result because of the following:

—141—

1 1 1
0 =) o) 1=ps0 . \i=3) i
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<-1

o
2el 51+ 82 lel +—— <0 because fef 51+ Fafefn <1 and

(i) (=)

Then, if cr>1:>H>0:>ﬂ >0

Tyl

Proposition 15: In a model of endogenous labor supply in both periods, the youth and

the old age, a policy of transfers to the old based on the labor income tax increases the

level of utility of the initial generation in any case.

Effects of the change in the tax on the consumption of goods of the young

=1 1
(=91 1_ s, \i=2)
|2 Inter =),
B, tel

Bi= ol 'y
dal _| ay “_q)[l—ﬁ’ﬂf)("“} 1 1 .f I—Zef)(““" d el

=|—== +1|—
dr, |B, te! (1-o)1-set\ e dr,

dal . )
For o>1, —%>0 can be notice by direct inspection of the above expression.
Ty
dal

For o<1, >0

Ty

1 1-o

! 1
L1 (1 (1= _—
(l—a)l—ze,y( ée{’lj <1<:(—Ze’y’) <(1—[e,y)(1—a)<:>1—(ée,y)a(1—a)a < fel

Effects of the change in the tax on the leisure of the young

1

As we found before f¢f =———5—

¢ Yo
Cz( feiy ) +1
1-fei-
S

d@&iv _ P & 1 dfef_l 1 fc??—l s
il (21 K2 ey T —|=3
dTy )] fe;-n(l—fe;-J d’l"y o \1-fei
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Y
Effect on the utility in the youth can be found using the expressions for dal
Ty
auy -a
T mala)’u
Ty 70
da! o ) deer
8] & +§,[ /’ ! J te: , or else
dry 7.0 Y (1+n) dry 70

- 1
UE(l—fe:‘_l)"’g( ) (1 ZANE N (He,’)m
1-te ) “\14n) \ get J1-tet| (1-0)\ e

o 1 1

—_+_Ze}‘ &
diel R (1—0’) 5 o 1 Pely 1o
e G L
ty fe:n L+ ( %) 5, — e @ 1-teiy
] Y
f d e, >0, fel- lé+ g —l-+fe;">0 therefore d[e, >0
dr, 62 (1_0')52 dr,
dg, 7,40 Ty
then notice that for o>1, U>0 and as dﬂe, >0, dur >0
TJ’ dT}’ T~ =0

and

die!

dr,

Conditions for improvement of the total utility are less easy to compute we have left

this development for future work.

22. Transfers to the young with a labor income tax on the old workers

We show that transfers to the young based on the labor income tax does not produce

a Pareto efficient policy because the initial generation sees her level of utility reduced.
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]

Lia

——z,=—m with 7<0
l+n

The budget of the government becomes 1/~

The solution for the variable £e{-;  can be found solving the equation T(Zef-n) =0 where

L_a_.,,b_‘z
b( el )5 o) &
o \ _ 1 - f&-—l 0
T(fe/—l) = 5 - (1 - ee"l)
bo geu -5_|
bz(_'d“) +1
1-Lei-
l l-itfz
Besides, we have f¢f =——F— with p, = (blbo) 4
bz( fel—; )51+1
1—-@61—1
Features of T(Ze?’-n)
if o<1, lim T(ee, ,) -1 if o>1, lllm T(Ee, 1)
2ef_ =0 ep_—>0
If o<1, t},H.ElT(Ze’ 1) Fo. If o>1, 23121. T(Ze: 1) 0.

The derivative
-2

2
(Zel l)_l‘*'ﬁ bz(—i&%)&"‘l {1

bo 1-fei

1 o ) fo1)

[e;)_] E‘(l—a")_ & 1 1 o ( fe; 1 )5'
=| e - +8 - 51 |b26
t (1—&‘,’.1) teia(1-tes) 8 |(1-0) [(1 o) '] P\ 1-tel

When o<1,

o 1
If also -0 =
(1-o) (l_l)

—&,> 0, then, we can be sure that T'([ej’_l) >0

o
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When there is only one solution, the graph for T( Ze;, ) will look like the following

T{eet.) L

1
T(¢et-s) i

Lt

fely

n the case there is more than one solution, the graph of T(Zef_l)at the neighborhood of

at least one of the solutions would be

. o<l
T(ees) T(eets) o>l
/.Ir' el \ s
Effects of the change in the tax rate
aT ;
It can be shown that —— <0 in any case.
To
Y o<l
T(¢er.) T(eet) o>1
//.F‘I S E X el
o d o
If o-<1:>d£e’>0 If o>1= lei

dr, —145— dz.
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dal

Computing
drz,

lo
. 0 Qo o
From the first order condition we had ar = (—u, (1—10)) en

ﬂﬂ

After introducing the expression for the wage rate in the old age and other

simplifications, we get a final expression for a?

1
P - [;ﬁ( te! )a—! »
* OB, -2ef)
i M
dq:i o (ﬂ'—”( fe:" )a’ﬂ 1 1 1d€e7
eI | S +1
dz, \B, I—te) \(1-¢e)o-1 " )dz,

If o<1= d e >0, then dai < 0. This is because the first summation term
drte To

in the expression between brackets

—1— L > 1 and negative.
o-11-"tel,
0 d o
It o1, o>1= 2% <0 then 2% <0
dt, To
. dai . .
Finally <0 in any case.
To
dai dle;
While dz St dz , could be positive or negative depending on ¢ then, to

investigate the effect of the increase in the tax on the utility of the initial generation we

study the indirect utility function directly.
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Effect of an increase of the old labor income tax on the utility of the initial

generation
du; -y (ag)-ﬂ daj
dz,|_ A P

As we computed before

9 g
7=

& dz,

5 0
ﬁ(un)) dtel

T,,=°}

1 s
da} _(a (u—l)[ 2e° ch-l 1 1 +1-|d€e§’
de, \B,) \l-te) [(1-¢e)o-1" " |dz,
C1%H BN PO 2721 B
dr, 7,0 To |0
1 e
i1 2 ("")( te? )ﬂ-l Lt 1 1
B, 1—ef 1-¢e; (1-¢ef)1-0
When, o>1, U>0
1 1
dug =(&J(”")[ Ze?a)"“ﬁdéef <0 butas 226 du;
dTo 7,0 ﬂo l—fel dfo 7,0 Tol;=0 dTu 7,0
When, o<l,
{]_[ U+Z D_L};—{]_;}_l—
ar T o[ (1- e) 1-of(1-¢e?)
o =% 0, then, U<0
l-o l-o
When o<1, U<0 and & <0, imply Ui <0
To =0 To 7,=0

Proposition 16: In a model of endogenous labor supply for the youth and old age, a

policy of transfers to the young based on the labor income tax does not produce a

Pareto efficient policy because the initial generation sees her level of utility reduced.
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